The operational state of a conductive or convective network consisting of nodes connected by links is discussed in terms of the null space of the underlying graph Laplacian. The number of zero eigenvalues in a disrupted state with a specified percentage of clipped links expresses the population of isolated non-communicating islands. When all links are intact, there is only one zero eigenvalue corresponding to an eigenvector with equal components. When all links are clipped, the number of zero eigenvalues is equal to the number of nodes in the pristine network. Graphs of the number of zero eigenvalues as a function of the percentage of randomly clipped links are presented for square, discoidal, Cartesian, and spherical networks arising from the subdivision of an octahedron or icosahedron. A simple estimate for an operational threshold based on the ratio of nodes to links in the pristine state is proposed and critically assessed for infinite, finite, or closed grids with reference to known percolation thresholds.
Introduction
The performance of a physical or conceptual network consisting of nodes connected by links deteriorates when the individual links cease to transport energy, material, information, or any other suitable entity. As an increasing number of links fail, the overall operation of the network is locally and then globally compromised. Under critical conditions defining the percolation threshold in an infinite network, a randomly chosen node ceases to belong to an infinite cluster and is unable to communicate with remote parts of the network. For example, below the percolation threshold of a biological network consisting of capillary vessels, blood cannot be supplied to all parts of a living tissue, thereby causing anemia and malnutrition. As links fail in a finite network, the nodes become increasingly faint due to the absence of conductive or convective pathways, and isolated islands or disconnected clusters appear. In certain sociological contexts, nearly isolated clusters are called communities. Although a sharp percolation threshold cannot be defined for a finite network, a critical percentage of defective links defining an operational threshold above which the network is virtually inoperative can be identified.
The structure of a finite network can be described conveniently under the auspices of graph theory in terms of nodes (vertices) and links (edges) (e.g. [1] ). The connectivity of the network consisting of N nodes is determined by an N × N adjacency matrix whose spectrum provides us with useful information on the global properties of the network. The graph Laplacian matrix associated with conductive or convective heat, electricity, mass, or other scalar transport provides us with complementary information. The weighted graph Laplacian matrix encapsulates the properties of realistic networks by incorporating additional information on the conductance of the individual links. Theoretical results regarding the percolation properties of a finite graph have been derived with reference to the appearance of giant components in random subgraphs (e.g. [2] ).
In a linear network, the rate of transport of an entity is proportional to the difference between the end point values of a corresponding driving potential. The structure and effective conductivity of infinite networks have been studied extensively in the mathematics, physics, and engineering literature with special attention to the percolation threshold (e.g. [3] ). A probability density function is introduced, P( p), expressing the probability that a randomly chosen node belongs to an infinite cluster in an infinite network where a percentage of links, p, are intact. A corresponding normalized effective conductance, F( p), can be suitably defined. Although P( p) and F( p) both become zero at the percolation threshold, p c , and remain zero below this threshold, they exhibit a different functional form above the threshold. An a priori unknown transfer function converts P( p) to F( p), and vice versa, in an infinite network [4] [5] [6] . Similar concepts can be introduced for networks consisting of elastic links representing biological membranes (e.g. [7] ). Percolation thresholds have been computed by analytical and numerical methods for a variety of infinite regular and random lattices (e.g. [8, 9] ).
Percolation thresholds are poorly defined for the finite or closed networks encountered in practice. However, estimating the critical percentage of disrupted links above which the structural and transport properties of the network are severely compromised is of interest in applications. In this paper, this operational threshold is extracted from the spectrum of the Laplacian matrix of the damaged network with reference to the number of zero eigenvalues expressing the number of isolated or disconnected parts in the damaged network. Numerical simulations for finite and closed networks generated by different methods suggest that the operational threshold can be approximated by the ratio of the number of nodes, N , to the number of links, L, in the pristine state.
Comparison of the operational threshold with the percolation threshold for infinite lattices supports this proposal.
In section 2, the Laplacian of a network associated with a graph and its basic properties are reviewed. In section 3, infinite regular networks discussed in subsequent sections are described. Several finite and closed networks are introduced in section 4 and numerical studies of randomly damaged states are discussed in section 5. The results are summarized in section 6, where a simple formula for the operational threshold of an arbitrary network is proposed and critically assessed.
Networks and graphs
Consider a network consisting of N nodes connected by L links. In a typical network, L N and N /L 1. Nodes and links are labeled in an arbitrary and uncorrelated fashion. In graph theory, the network is described in terms of an adjacency matrix, A, defined such that A i j = 1 if nodes i and j are connected by a link, and A i j = 0 otherwise, where i, j = 1, . . . , N . The total number of links, L, is equal to the number of ones in the upper or lower triangular part of the adjacency matrix. The degree of the ith node, d i , is equal to the number of ones in the ith row or column of the adjacency matrix.
Two connectivity lists with length N can be introduced such that the first node of the mth link is labeled k m and the second node of the mth link is labeled l m for m = 1, . . . , L. An N × L oriented incidence matrix denoted by R is introduced such that R i,m = 0, except that R k m ,m = −1 and R l m ,m = 1. The N × N graph Laplacian matrix, L, is defined in terms of the adjacency matrix, the degrees of the nodes, and the oriented incidence matrix as
where D is a diagonal matrix whose ith diagonal element is equal to d i . If (m) is the mth column of R associated with the mth link, then the Laplacian matrix is given by the sum of the tensor products of two vectors,
The eigenvalues and eigenvectors of the graph Laplacian matrix contain useful information on the structure of the network. Since L is symmetric, it has real eigenvalues and an orthogonal set of eigenvectors. Let the N -dimensional vector ψ contain the nodal values of a function evaluated at the N nodes of the network. A vector with equal components is an eigenvector corresponding to the null eigenvalue. We find that
which demonstrates that the eigenvalues of L are either zero or positive. Consequently, the eigenvalues of L can be ordered as
The second smallest eigenvalue, λ 2 , is of particular interest in spectral graph theory. Estimates for the magnitudes of the second and largest eigenvalues, λ 2 and λ N , are available (e.g. [10] [11] [12] [13] [14] ). For example, it can be shown that
where A i j = 1, that is, nodes i and j are connected by a link. We conclude that if all node degrees are zero, λ N = 0 and all eigenvalues are also zero. We know that λ 2 > 0 only when the graph consists of two or more unconnected constituents. By definition, a graph is connected if at least one path can be found from an arbitrary node to any other arbitrary node. Other properties of the eigenvalues and associated eigenvectors include the following:
• The sum of the eigenvalues is equal to the trace of L, which is equal to the trace of D, or the sum of the degrees of all nodes.
• If a network consists of a number of disconnected networks, its eigenvalues are the union of the eigenvalues of the constituent networks.
• The eigenvalues of the Laplacian of a complete graph where each node is connected to every other node are λ 1 = 0 and λ i = N for i = 2, . . . , N .
• The eigenvector corresponding to the zero eigenvalue of the Laplacian matrix is uniform over the network. Higher eigenvectors partition the network into two or more pieces (spectral partitioning).
Our work hinges on the observation that the number of zero eigenvalues is equal to the number of isolated nodes or clusters of nodes (e.g. [15] ).
In any network, the sum of the degrees of all nodes is equal to twice the number of all links, Consequently,
where
is the average node degree. Suppose that the mth link is removed (clipped) from a network, where
is the graph Laplacian after clipping. The degrees of the two nodes defining the broken link are reduced by one unit after clipping. The eigenvalues of the damaged matrix, L, interlace those of the pristine matrix, L 0 ,
If several links are clipped, corresponding terms are subtracted from the right-hand side of (9) . Suppose that M links are clipped, where M L. The Laplacian after clipping is
where m i is the label of the ith clipped link with 1 m i L. A general theorem on the interlacing of the eigenvalues after multiple clippings is not available. However, the second eigenvalue after clipping, λ 2 , is always less than the second eigenvalue before clipping, λ 0 2 [12] . If all links are clipped, the Laplacian matrix becomes null and all eigenvalues are zero. Thus, the number of zero eigenvalues ranges from one in the pristine state to N in the completely disrupted state.
Infinite regular networks
Regular networks identified as periodic lattices are of particular interest as venues for studying the structural and transport properties of idealized systems extending to infinity in all directions. The node degree, d, is called the lattice coordination number. An Archimedean lattice consists of , 8 2 ) signifies that each node is surrounded sequentially by one square and two octagons. Note that all vertices of the Laves lattices do not have the same degree.
The martini lattice shown in figure 1(i) tiles the plane with triangles and enneagons (nine-sided polygons) [16, 17] . The lattice coordination number is d = 3 and the ratio of nodes to links is N /L = 2/3. The martini lattice arises from the honeycomb lattice by replacing every other vertex of each hexagon with a triangle, thus introducing three additional edges.
Sample finite and closed networks
Several finite or closed, planar or three-dimensional networks used in the Monte-Carlo simulations of section 5 are described in this section. The network links are generated by the finite-element subdivision of a parental structure or by Delaunay triangulation based on a specified set of nodes. The links of the finite element networks are the element edges and the nodes are the element vertices. A structured network identified with a square patch of a Cartesian grid is also employed. Each network can be mapped onto another isomorphic network that is partitioned in similar ways in terms of the eigenvectors of the Laplacian matrix. In all cases, the number of nodes with degree d is denoted by n d . A network arising from a finite-element assembly of three-node triangles on a disc is shown in figure 2(a) . The finite elements are generated by the successive subdivision of a hard-coded, four-element parental structure. The particular network shown in figure 2(a) consists of N = 145 nodes connected by L = 400 links. The node degree distribution is n 3 = 4, n 4 = 29, and n 6 = 112, indicating a dominant hexagonal structure. The first few eigenvalues of the Laplacian matrix are λ = 0, 0.1436 (double), 0.3388, 0.3523, 0.4890, 0.7154 (double), and 0.9322 (double). The multiple eigenvalues are due to the inherent four-fold symmetry of the underlying graph.
A network arising from a finite-element assembly of triangles on a square is shown in figure 2(b) . The elements are generated by the successive subdivision of a hard-coded, eight-element parental structure. The particular network shown in figure 2 = 289 nodes connected by L = 2 × 16 × 17 = 544 links. The node degree distribution is n 2 = 4 (corner nodes), n 3 = 60 (edge nodes), and n 4 = 225 (interior nodes), indicating a dominant square structure. Viewing the two-dimensional network as the Cartesian product of two one-dimensional graphs [12] , we obtain the eigenvalues and corresponding eigenvectors of the Laplacian matrix parametrized by two indices, n and m,
for m, p = 1, . . . , N x + 1 and n, q = 1, . . . , N y + 1, where
For the network shown in figure 2(c A closed network associated with a grid of triangles on a sphere generated by the successive subdivision of an octahedron is shown in figure 2(e) . The particular network shown in this figure consists of N = 258 nodes connected by L = 768 links. As in previous cases, the number of links is substantially higher than the number of nodes. The node degree distribution is bimodal, n 4 = 6 and n 6 = 252, indicating a nearly hexagonal closed structure. The first several eigenvalues of the Laplacian matrix are λ = 0, 0.1648 (triple), 0.3946 (double), 0.5691 (triple), and 0.8253 (triple). A similar closed network associated with a grid of triangles on a sphere generated by the successive subdivision of a parental icosahedron is shown in figure 2(f) . The particular network shown in this figure consists of N = 162 nodes connected by L = 480 links. The node degree distribution is bimodal, n 5 = 12 and n 6 = 150, also indicating a nearly hexagonal closed structure. The first few eigenvalues of the Laplacian matrix are λ = 0, 0.2643 (triple), 0.7715 (quintic), and 1.3707 (triple).
Laplacian spectrum of damaged networks
Damaged states of the six networks discussed in section 4 are illustrated in figures 3(a) to 8(a). In each case, a specified percentage of links, q ≡ M/L, is randomly clipped from the pristine state, resulting in a deficient structure described by a subgraph. For the finite and closed networks presently considered, q is a rational number. In the case of the infinite regular networks identified with lattices discussed in section 3, q is a real number expressing the probability that a link has been clipped. Conversely, a damaged network can be constructed by introducing random links with probability p = 1 − q on a skeleton structure consisting of isolated nodes connected by phantom links. The networks shown in single links, V-shaped formations, and higher-order structures involving a small number of vertices are encountered.
The Laplacian matrix of a pristine network has precisely one zero eigenvalue in the absence of isolated nodes or clusters of isolated nodes, as discussed in section 2. The associated eigenvector represents a uniform nodal field. In heat transport, this eigenvector reflects our ability to arbitrarily specify the absolute level of the temperature in a conductive domain when the Neumann (flux) boundary condition is specified. In the case of a closed network, the periodicity condition applies, preventing us from specifying an absolute baseline.
The number of zero eigenvalues of the Laplacian matrix of a damaged network is equal to the number of isolated nodes or groups of nodes described as islands, up to a maximum of N . When q = 0, no link is clipped and the number of zero eigenvalues is precisely one. When q = 1, all links are clipped and the number of zero eigenvalues is equal to the number of nodes, N . In the limit q → 1, each link generates a two-node island and the number of zero eigenvalues behaves as
independent of the network structure, where p = 1 − q is the percentage of unclipped links. This formula can be regarded as a linear asymptotic expansion in n 0 ( p). Higher-order terms depend on the particular structure of the network. Essam and Sykes [18] developed low-density expansions for the mean number of clusters in an arbitrary infinite network. Consider a regular lattice consisting of tiles whose edges define m-sided loops, and assume that m − 1 edges are occupied by links. Endowing the last edge of a loop with a link does not change the number of zero eigenvalues, n 0 . Consequently, the leading-order expansion for the mean number of zero eigenvalues for a nearly depleted network q 1 is
where α m is the ratio of the number of m-sided tiles to the number of links in the network. In the case of an infinite triangular network, m = 3 and α 3 = 2/3, whereas in the case of an infinite square network, m = 4 and α 4 = 1/2. node degrees in terms of a connectivity matrix supplied by the grid generation module. The Laplacian matrix of the damaged state was obtained from the Laplacian matrix in the pristine state by subtracting the self-tensor product of the oriented incidence vectors corresponding to randomly deleted links. Simulations with N = 145, 289, 289, 289, 258, 162 nodes and corresponding L = 400, 800, 544, 800, 768, 480 links were performed for the six configurations shown in figure 2 . All computations were programmed in Matlab and the eigenvalues of the Laplacian matrix were found using an intrinsic function. A typical Monte-Carlo simulation for the network sizes considered requires up to 15 min of CPU time on a personal computer. Because the computational cost scales with N 3 , the method becomes prohibitively expensive for systems involving more than a few hundred nodes. All results presented in this section were confirmed to be independent of the size of the Monte-Carlo realization set.
The mean values of selected eigenvalues for the six networks discussed in section 4 are plotted against q in figures 3(b) to 8(b). As q increases, the magnitude of each eigenvalue declines monotonically toward zero at an accelerating rate. All curves shown in figures 3(b) to 8(b) are downward concave for all network configurations, except possibly when they touch the q-axis. Eigenvalues of increasing order become zero at a sequence of well-defined critical values of q. The general shape of the response curves is insensitive to the particular network considered. The behavior of the mean value of the last eigenvalue, λ N , is illustrated with the bold line in figures 3(c) to 8(c). For visual clarity, the range of variation is shown with dashed lines instead of error bars. Although significant scattering is observed, the mean value curves have well-defined shapes. The theoretical estimates from graph theory given in (5) for the upper and lower bounds of the highest eigenvalue are plotted with thin solid lines. In the numerical simulations, these estimates were computed in terms of the node degrees in the damaged state. The numerical results are consistent with the theoretical predictions.
As the fraction of clipped links q increases, a higher number of eigenvalues becomes zero. The bold solid line in figures 9(a)-(f) illustrates the dependence of the mean number of zero eigenvalues, n 0 , on q for the six networks described in figures 3-8. The straight dotted line represents the generic theoretical prediction (14) . The slope of the numerical response curve in the limit q → 1 is in excellent agreement with this prediction. The bold dashed line represents the theoretical prediction (15) with m = 3 and α 3 = 2/3 for all networks but the Cartesian network described in figure 9(c) where m = 4 and α 4 = 0.5. Even though the theory applies to infinite systems, the shape of the numerical response curve is in good agreement with this prediction.
The vertical dotted lines originating from symbols on the horizontal q axis in figures 3(b) and (c) to 8(b) and (c) and figure 9 indicate exact percolation thresholds for an infinite hexagonal network where all node degrees are d = 6 (diamond), a square network where all node degrees are d = 4 (asterisk), and a honeycomb network where all node degrees are d = 3 (×). The vertical dashed line marks an ad hoc averaged percolation threshold where the individual percolation thresholds are averaged according to the node degree distributions in the pristine state. The intersection of the inclined dotted line with the horizontal axis in each panel of figure 9 provides us with consistent approximations of these averaged percolation thresholds, p c = N /L.
Discussion
An infinite lattice loses long-range connectivity when a sufficiently large percentage of links, q, are clipped. The variable p = 1 − q is the percentage of active links, also regarded as the probability that a link has not been clipped. For an infinite network to be conductive or convective, each randomly chosen node must belong to an infinite cluster, which occurs only when p > p c , where p c is the percolation threshold. The state of an infinite network is described by the probability that an arbitrary node belongs to an infinite lattice, P( p). If a network is non-conductive or non-percolating, a transported scalar cannot be transferred in all directions (e.g. [4] [5] [6] ). Exact percolation thresholds are known for several regular lattices [19] [20] [21] [22] . Percolation thresholds for other lattices have been calculated with high accuracy by numerical methods based on test sections with increasingly large dimensions (e.g. [8, 9, 23] ).
Percolation thresholds are poorly defined for finite networks, as discussed in the Introduction. However, the structural and transport properties of these networks exhibit a notable transition from a strong to a weak state when a critical percentage of links are clipped. The critical state where this occurs defines a tentative percolation threshold. For example, the effective conductivity of an infinite strip of a conductive network held at high temperature at one edge and low temperature at the other edge declines sharply near the percolation threshold (e.g. [3] ). Conversely, the functional dependence of the effective conductivity on the percentage of damaged links, q, can be used to estimate the percolation threshold in laboratory experiments or numerical simulations.
The Monte-Carlo simulations for finite and closed networks presented in this work suggest an approximate general estimate for the percolation or operational threshold,
where N is the number of nodes, L is the number of links, andd is the average node degree in the pristine state. This approximate threshold can be applied to one-, two-, and three-dimensional networks with regular or random node distributions. Since the approximate threshold is determined by the average node degree,d, two infinite homogeneous networks with the same degree are predicted to have the same tentative percolation threshold, such as for the honeycomb and martini lattices where d = 3, or for the hexagonal and simple cubic lattices where d = 6. The physical meaning of this threshold and a main proposal of our work is that, when a critical percentage q c (L − N )/L of links are clipped, the performance of an arbitrary network is expected to significantly degrade.
To test the accuracy of this proposal, in table 1 we compare approximate with known exact thresholds for regular lattices where N and L are infinite but their ratio is well-defined. In the case of a one-dimensional infinite or closed lattice with node degree d = 2, we obtain the exact result p c = N /L = 1 corresponding to q c = 0. Physically, all links must be intact for a one-dimensional infinite or periodic lattice to be conductive. In the case of a honeycomb lattice, d = 3, we obtain the estimate p c 2/3, which is close to the exact threshold, p c = 1 − 2 sin(π/18) = 0.6527. For the martini lattice, d = 3, we obtain the approximate estimate p c 2/3, which is identical to that of the honeycomb lattice and in fair agreement with the exact result p c = 1/ √ 2 = 0.7071. For a square lattice, d = 4, we obtain the exact result p c = N /L = 1/2. For a hexagonal lattice, d = 6, we obtain the approximate estimate N /L = 1/3, which is close to the exact threshold p c = 2 sin(π/18) = 0.3473. In the case of a simple cubic lattice, d = 6, we obtain the estimate p c 1/3, which is in fair agreement with the known result, p c = 0.2488. Discrepancies of similar magnitude are observed for the body-centered cubic and face-centered cubic lattices. It should be noted that formula (16) fails in the case of an infinite strip with finite thickness whose exact percolation threshold is p c = 1 while N /L < 1.
Previous attempts to derive an approximate universal formula for the percolation threshold of infinite lattices have been made (e.g. [23] ). Of particular interest are simple formulas that provide us with easily computable estimates for use in engineering risk analysis and design. Vyssotsky et al [24] examined numerical and exact data available at the time for a family of regular lattices and proposed an approximation where = 1, 2, 3 is the physical dimension of the lattice and d is the lattice coordination number. An implicit assumption is that all nodes have the same degree, d. For lattices whose nodes are not all of the same degree, formula (17) could be applied with the number-averaged degree of the vertices, d, in place of d. When this is done, formula (17) for two-dimensional lattices ( = 2) reduces precisely to (16) by setting d = 2L/N according to (7) . The prediction of (17) fails in the case of a one-dimensional lattice, = 1. For three-dimensional lattices, = 3, formula (17) predicts p c (3/4)(N /L). In the case of the simple cubic lattice, we obtain p c = 0.25, which is remarkably close to the known threshold, p c = 0.2488. Similar good agreement is observed for the body-centered cubic lattices and face-centered lattices. Although more involved formulas for predicting percolation thresholds in regular lattices have been proposed (e.g. [23, 25] ), their practical utility is called into question and their generalization to finite and inhomogeneous networks is unclear.
Suppose that a transported scalar field, ψ, is supplied at a rate q 0 at the ith node and withdrawn at the same rate from the jth node of a contiguous network. In electricity, ψ is electrical voltage and q 0 is electrical current. Physically, the ith node is connected to a positive battery pole or Ohm meter, and the jth node is connected to a negative battery pole or Ohm meter, or vice versa. The difference in the nodal values of the transported scalar can be used to define a dimensionless 
where r is a reference resistance. It can be shown that
where λ s are the eigenvalues of the Laplacian matrix, u (s) are the corresponding eigenvectors normalized for unit length, and we have assumed that λ s > 0 for s > 1 [26] . The mean resistance,R, of a contiguous network can be defined as the scaled sum of all elements of the symmetric resistance matrix
It can be shown thatR
provided that λ s > 0 for s > 1 [27] . As links of a network are clipped, isolated nodes or clusters of isolated nodes appear, the network becomes discontiguous, and additional zero eigenvalues appear. When this occurs, the pairwise resistance of nodes belonging to two different disconnected fragments becomes infinite. Equation (19) provides us with an expression for the pairwise resistance in terms of the eigenvalues and eigenvectors of the damaged Laplacian. When an eigenvalue becomes zero due to link clipping, the corresponding term in the sum on the right-hand side of (19) becomes infinite for nodes that are connected by nodal pathways, and zero otherwise. For example, when a cluster appears, the pairwise conductance between a cluster node and every other node that does not belong to the cluster is zero. Accordingly, when an eigenvalue becomes zero, one element or several elements of the pairwise conductance matrix become infinite. The number of infinite elements of the pairwise conductance matrix is a measure of the operational state of the network, similar to the number of zero eigenvalues of the Laplacian matrix discussed in the present work.
The benchmark networks considered in our numerical studies are idealized two-dimensional structures with a narrow node degree distribution generated by finite-element and other related methods. Real-world networks have a broader node degree distribution with a heavy tail. The relevance of our results to complex and highly randomized networks must be assessed by further numerical or theoretical studies.
